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Stochastic modelling of the loss given default (LGD) for non-defaulted assets 

 

 

 

Abstract 

 

In the Basel framework of credit risk estimation, banks seek to develop precise and stable internal 

models to limit their capital charge. Following the recent changes in terms of regulatory requirements 

(Basel regulation, definition of the Downturn…), it is prudent to think about innovative methods to 

estimate the credit risk parameters with the constrains of models’ stability, robustness, and economic 

cycles sensitivity. 

This paper introduces a different recovery forecasting methodology for LGD (loss given default) 

parameter. The goal is to model the recovery dynamic by assuming that each maturity in default has a 

specific behavior and that the recovery rate depends on default generation change. The model focuses 

on the recovery rate time series where the time period is the default generation. Thus, the estimation of 

upcoming recoveries uses vertical diffusions, where the triangle’s columns are completed one by one 

through stochastic processes. This model is suggested to replace classical horizontal forecasting with 

Chain-Ladder methods. 

First, a definition of the LGD parameter and the regulatory modelling requirements are provided, as well 

as a presentation of the data set used and the construction of the recovery triangle. Second, the stochastic 

forecasting is introduced with details of how to calibrate the model. Third, three classical methods of 

recovery forecasting based on Chain-Ladder are presented for comparison and to contest and the 

stochastic methodology. Finally, a regulatory calibration of the LGD for non-defaulted assets is 

proposed to include Downturn effects and margins of prudence. 
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1. Loss Given Default (LGD) 

This study addresses an innovative methodology to model the LGD parameter needed for the Risk-

Weight Asset (RWA) estimation in terms of credit risk. First, the evaluation of such a parameter must 

consider the regulatory requirements in each step of the estimation. This prerequisite is essential when 

a new methodology impacting a regulatory parameter is proposed as it is subject to the regulator’s 

validation. This section presents the actual regulatory requirements for LGD estimation for non-

defaulted assets.  

 Presentation of LGD parameter 

To estimate the level of regulatory capital in terms of credit risk and under Internal Ratings-Based (IRB) 

methodologies, the bank expresses the future level of its losses for both defaulted assets and non-

defaulted assets. For this purpose, the bank uses the historical data of defaulted assets in its portfolios.  

For a credit contract, the Basel default is triggered when the exposure shows more than 90 days of non-

payment or when notified of a significant deterioration of the counterparty’s financial situation. The 

second scenario mentioned is subjective and determined through expert opinion. Furthermore, the Basel 

default included the scenario where the counterparty cannot meet its obligation due to a judicial 

proceeding.  Thus, the loss given default (LGD) is defined as exposure to loss in the event a borrower 

defaults on a loan. This is estimated based on the ratio between the loss incurred and the exposure 

sustained at the time the loan goes into default.  

This study aims to model the recovery rate (RR) which represents the share of the exposure at default 

(EAD parameter) recovered after the default is declared on the loan. The following equation expresses 

the relation between LGD and RR:   

1 − 𝑅𝑅(%) = 𝐿𝐺𝐷(%) 

Hence, from the moment the loan goes into default, recoveries are observed to cover a part or all of the 

missing amount. A contract is closed when the recovery process is complete. Conversely, a contract is 

unclosed when the recoveries are potentially unfinished. A recovery profile can be built and forecasted 

to cumulate the recovery rates at the end of each maturity (month, trimester, year… depending on the 

data’s granularity) and provide a global vision of the recovery process on the loan concerned. 

 

Figure 1 Example of a recovery profile 

The example presented in Figure 1 gives the recovery profile for a loan that goes into default at time t. 

At time t+1, the bank recovers 11% of the exposure and at time t+2, the recovery reaches 39% 

cumulatively. The final recovery rate (RR) for this loan is the maximal cumulative recovery rate 

observed. In this example, it is evaluated at 75%. The LGD then equals 25%.   

The purpose of this study is to introduce an innovative methodology to estimate the final recovery rate 

for each credit contract and to evaluate the LGD level of the portfolio. For closed contracts, the final 

recovery rate is already observed as the recovery process is achieved. However, for the unclosed 



8 
 

contracts the recovery is not over, and the aim of the LGD modeling is to forecast the upcoming 

recoveries to estimate the final LGD. The LGD calculus is then based on: 

- the projection of recovery amounts from the last maturity observed to the maximal point of 

recovery (corresponding to a theoretical maturity named the delta point which will be explained 

further) for unclosed contracts 

- the average of the contracts’ final recovery rates (projected for unclosed contracts and observed 

for the others) 

The following figure presents the key steps to model the regulatory LGD parameter: 

 

Figure 2 Regulatory LGD Modelling process 

The regulatory LGD modelling process is based on the segmentation of profiles with distinct recovery 

behaviors to estimate different LGD levels. The segmentation is based on behavioral variables to explain 

the type of recovery of each profile. Therefore, unclosed contracts are forecasted until the maximal point 

of recovery which is corresponding to the theoretical maturity beyond which the recovery expectation 

is close to zero. Then, for each segment resulting from the prior segmentation, the long-term recovery 

rate is defined as the average of the contracts’ individual RR estimated at delta point by considering the 

discounting effect and the deduction of eventual direct or indirect fees charged on the contract in default. 

Finally, conservative margins are considered to cover a potential deterioration of the recoveries due to 

macroeconomic effects and uncertainty around statistical estimators of the model.  

 Regulatory requirements for LGD modeling of non-defaulted assets  

The main challenge in the LGD estimation process is to adapt the model to EBA regulatory requirements 

and the subsequent updates. In July 2016, the final version of the Regulatory Technical Standards (RTS) 

on internal models was published by the European regulator to define the guidelines for regulatory LGD 

estimation. This document is part of the internal models’ review driven by the regulator to build a strong 

benchmark on each Basel parameter for credit risk, and to unify the evaluation criteria among European 

banks to avoid discrepancies between them in the regulatory review and evaluation exercises. More 

precisely, several conditions have been updated and must be considered in the internal models. 
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Furthermore, a final draft paper2 following the RTS has been published in November 2018 and aims at 

redefining the downturn impact on the LGD modelling process. The requirements included must also 

be considered. A list of the Basel requirements for LGD internal models is given below. 

The RTS presents the following requirements for the LGD estimation methodology:  

- Data requirements: The LGD estimation must consider the entire data set available. All 

information considered as relevant shall be included in the model. The data used must be 

representative enough of the scope covered. External data can be used if the relevancy is 

justified. The regulator requested to use historical data of at least 5 years for retail portfolios 

and at least 7 years for corporate portfolios.  

- Requirements on realized LGD estimation: For each portfolio’s segment, the LGD is 

estimated at the contract level. In terms of regulatory requirements, the forecast of future 

recoveries shall be estimated on defaulted assets (closed and unclosed), consolidated on 

generated defaults based on their default date. The recoveries forecasted are applied to unclosed 

loans to complete the recovery profiles to delta point. Furthermore, LGD estimation must 

consider delay fees, interest, and post-default draws (increase of the exposure amount after the 

default is declared, example: revolving credit). The discount rate used for recoveries may be 

equal to the risk-free rate plus a spread of 5%. Caps and floors are recommended for LGD levels 

to guarantee a reasonable level of conservatism. 

- Requirements on long-term LGD estimation: The obtained LGD for a segment is called long-

term LGD as it represents the level of observed losses at a long term and which will be used for 

estimating the level of the bank’s capital to cover the credit risk. The long-term LGD is the 

arithmetic average of the realized LGD of each contract. Generally, EBA recommends using 

the weighting by the number of contracts instead of the weighting by the amounts outstanding.  

- Requirements on collateral treatment: The collateral corresponds to a guarantee used to cover 

the credit risk for financial operations in case the counterparty cannot fulfil its payment 

obligations. The EBA highly recommends the consideration of every type of 

collateral. However, it is necessary to evaluate the collateral and to estimate its flows as realized 

recoveries in the LGD estimation process.  

- Requirements on Downturn inclusion in the LGD estimation: These requirements are 

summarized in the EBA final draft published in November 2018. The Downturn is considered 

the low-cycle period(s) where a degradation of observed recoveries is detected due to 

economical and/or cyclical effects. The banking supervisor recommends considering the 

downturn in LGD estimation with a conservative approach. To define the economic conditions 

of a downturn, banking institutions must determine its nature, duration and severity.  Thus, a 

period is qualified as a low-cycle period if a negative evolution is detected for different 

economic indicators. Several economic indicators must be considered: gross domestic product, 

unemployment rate, default rate and credit loss. However, the RTS indicates that additional 

indicators can be considered depending on the sector and/or the industry covered by the portfolio 

such as specific price level indices or geographical indices. Thus, the downturn period must be 

specified through all relevant economic indicators available. The duration of a low-cycle period 

is theoretically defined by the duration of the low-period of the indicator(s) chosen, however it 

is recommended to consider a downturn period of at least 12 months. To evaluate the severity 

of the downturn, it is recommended to choose the worst year(s) from the historical data 

observed. This choice assumes that the historical data is covering at least a complete economic 

cycle, if not, external data must be used to complete the analysis. The final draft of the RTS 

provides the option to consider more than one downturn period if the economic indicators stress 

out separate low-cycle periods. This is the case when different geographical areas are covered 

by the portfolio or credit contracts are indexed on diverse industries, where the low-cycle 

periods do not overlap. 

The regulatory overview given is necessary to comprehend the estimation of credit risk parameters 

especially when an innovative method is introduced.  

  

                                                           
2 European Banking Authority [November 2018]  

« Final draft RTS on the specification of the nature, severity and duration of an economic downturn » 
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2. Data presentation and construction of the recovery triangle 

. This study is focused on the estimation methodology of LGD parameter without considering the 

portfolio’s segmentation. It has been assumed that the contracts simulated are from the same segment, 

thus a unique long-term LGD is evaluated in this context. A global overview of the illustrative 

portfolio’s features is given in section 2.1. 

In this way, the first step for estimating loss given default is to predict the future levels of recoveries for 

unclosed contracts based on the average recovery rate triangle. The goal of section 2.2 is to present the 

methodology used to build this triangle. 

 Features of the theoretical portfolio 

The simulated and illustrative portfolio studied contained 12 674 contracts which went into default 

between 2008 and 2014. The following chart represents the number of contracts defaulted by year.  

 

Figure 3 Contracts’ number by annual default generation 

The number of contracts is similar: between 1000 and 2000 contracts went into default each year. 

The analysis of cumulative undiscounted recovery rate in the portfolio shows a bimodal distribution 

with heavy concentrations around 0 and 1. For a credit contract in default, its recovery rate at long term 

tends to be either 0 (complete loss of the exposure at default) or 1 (total recovery of the exposure at 

default). The following graph illustrates the bimodal distribution obtained on the portfolio studied.  

 

Figure 4 Distribution of cumulative undiscounted recovery rate from the theoretical portfolio 

The bimodal distribution is unbalanced between the highest recovery rates and the lowest: an important 

concentration of the contracts is detected around a recovery rate at 1. In fact, the theoretical portfolio 

presents an important closure rate, as 72.6% of the contracts have finished their recovery process which 
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represents, in most cases, a complete recovery of the exposure at default. More precisely, for more than 

60% of the contracts the undiscounted cumulative recovery rate is higher than 90%.  

Furthermore, the exposure at default is distributed as follows:  

 

Figure 5 Distribution of the exposure at default (EAD) 

The graph indicates that 9955 contracts have less than 240 000 euros recorded as debt amount which 

represents 78.5% of the portfolio. Moreover, only 10 contracts have more than 720 000 euros at default 

and are not represented in the Figure 5 Distribution of the exposure at default (EAD) 

. Lastly, 21.4% of the portfolio has an EAD (exposure at default) between 240 000 and 720 000 euros. 

Moreover, the cumulative recovery rate on each annual generation shows that 2010 and 2011 were years 

with particularly low recovery rates. This observation might represent a slowdown in the recovery 

process for the contracts that go into default during those years and can be defined as a low-cycle period.  

The last study conducted on the portfolio is the valuation of the recovery rate’s volatility for different 

maturities in the default, using the standard deviation. The results are presented in the following graph.   

 

Figure 6 Volatility (standard-deviation) of recovery rates between t+1 and t+10 after the 
default date 

The standard-deviation is high for the first five maturities in default which shows a strength volatility of 

the recovery profiles. Although, a decrease tendency is notified from the sixth maturity in default. These 

results highlight the delta point as the theoretical maturity in default where the recovery process slows 



12 
 

considerably. After the sixth maturity, the cumulative recovery rates are less volatile and indicate a 

stabilization of the recovery process. 

 Construction of the average recovery triangle  

The modelling of the recovery dynamic through a stochastic process is based on the default generations 

as the modelling variable. In fact, the objective is to model the recovery dynamic by default horizons, 

which means that each horizon has a specific dynamic and behavior represented by a unique stochastic 

process. The use of such a process allows to model for each horizon the recovery rate of a given 

generation depending on the previous generation (𝑋𝑡+1 depending on 𝑋𝑡), which allows a vertical 

forecasting of the triangle. While the classic Chain-Ladder models evaluate a forecasted recovery rate 

trough a transition factor from one horizon to another with no consideration of the default generations, 

which allows horizontal forecasting.  

It is important to note that the forecasting can be realized on the contracts at an individual level or on 

the average triangle and then generalized for each unclosed contract. In the case of the stochastic 

forecasting, it is preferable to consider a forecasting at contract level which significantly increases the 

amount of data and ensures robustness in the estimations. In this study, to facilitate the presentation of 

the method and make it more illustrative, the forecasting has been implanted on an average triangle. It 

represents the average recovery rates for each default generation and default horizon based on the 

observations in the theoretical portfolio.  

For this paper, the average triangle corresponds to an upper triangle matrix where the lines are default 

generations (annual, bi-annual, quarterly, monthly depending on the granularity of the historical data) 

and the columns are the maturities/horizon in default. For each default generation, the matrix notes the 

average marginal recovery observed at all the maturities based on the contracts which belongs to the 

generation concerned. Thus, the oldest generation has the most maturities in defaulted observed and the 

youngest generation has only one observation, which explains the triangular form of the matrix. 

The following figure presents an example of an average triangular matrix for 11 default generations 

observed at 11 different maturities after the default dates. 

 

Tableau 1 Average marginal recovery triangle 

To obtain a unique contract for each default generation, the recoveries for each maturity in default are 

used to calculate the average recovery profile. EBA requirements emphasize the need to weight 

recoveries by contract numbers instead of by exposure.  

Once the average triangle is finalized, the middle recovery profiles for each default generation can be 

represented as in the following chart. 
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Figure 7 Mean cumulated recovery profiles for each default generation depending on 
maturity in default 

The recovery profiles are not complete, especially for the most recent generation, as they contain less 

observations and a high proportion of unclosed contracts. The forecasting aims at completing the 

unclosed recovery profiles depending on the initial levels.  

 Data quality tests 

As part of the study, the recovery triangle represents the data base used to calibrate the forecasting 

dynamic. The stochastic forecasting methodology described in the following section is based on the 

calibration of recovery time series for each maturity. Thus, the datasets in the triangle are the 

observations needed to calibrate the model. It is therefore necessary to provide data validation. Several 

tests are set up to verify the data quality and to ensure that the data amounts are sufficient to estimate a 

LGD parameter. The following tests were conducted for each recovery rate series: 

- Check of missing data: the goal is to ensure that between the first and last date, the data base 

contains enough data at the end of each period.  
- Check of data relevance: The data used in the model must well represent the portfolio 

concerned and must prove a high level of relevance. Therefore, a precise test is used to verify 

that the data is sufficient, relevant and significant. In more practical cases, if a bank’s data base 

fails these tests, it can still complete the model through external datasets if the relevance of those 

external inputs are proved. Moreover, data can be bootstrapped to expand the amount and 

calibration samples. If these treatments are difficult to set up, the regulator requires the use of a 

margin of conservatism on the LGD estimation to cover for the uncertainty of the models which 

might arise from low data quality.  

- Highlight of outliers for each recovery rate series: Before the use of the recovery rate series, 

it is important to verify the absence of outliers or extreme values that might obscure the 

estimations. If outliers are found, relevant treatments need to be settled.  

The triangle resulted at this point does not have missing values. The series contain at least 30 

observations which are statistically acceptable, and the outliers are treated.  

The data treatment step is necessary before the construction of the model to highlight the eventual limits 

of the model, the relevance of a particular recovery generation, and/or to highlight certain features of 

the portfolio that are critical to the LGD estimation.  
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3. Stochastic forecasting method 

At this stage, the recovery rate triangle contains marginal recovery rates for each maturity in the 

observation period and for each generation of defaulted contracts. The data is complete and robust 

enough to calibrate the recovery forecasting model. This section introduces the stochastic forecasting of 

the recovery rate and explains the underlying philosophy. 

 General concept 

The goal of the triangle forecasting is to predict the future RR to complete the matrix. It provides the 

recovery estimation for each generation and horizon to complete the unclosed contracts’ profiles. 

Therefore, the concept of the stochastic forecasting is to consider vertical diffusion of the recovery rate 

series. It is assumed that the recovery dynamic of the portfolio is defined by the maturities in default. 

Therefore, each maturity has its own recovery dynamic where the transition from a default generation 

to another has an impact on the recovery rate series. The model aims at estimating, for a given 

maturity, the recovery rates (RR) of a generation depending on the recovery rates (RR) of the 

previous generation. This point emphasizes the use of as stochastic process to interpret the random 

changes over generations of the recovery rate at a certain maturity in default.    

However, the classical forecasting methods of the recovery triangle are based on the projection of the 

recovery rates for each generation, which implies a horizontal forecasting. The future RR are determined 

through transition factors which are based on the RR observed on the top of the triangle (for aged 

generations).  

To model the maturity recovery dynamic, a mean reversion model is used with an Ornstein-

Uhlenbeck stochastic process. The features of such a process are determined through the observed 

recovery rates and the triangle is completed through stochastic diffusion. 

The use of Ornstein-Uhlenbeck processes need Brownian motions simulation. The particularity of this 

method is the stochastic diffusion of a term structure (a term is the RR series for a specific time horizon, 

for example: the 3 months term is the RR series at 3 months after the default which is also the third 

column of the triangle). This method captures the observed correlations between the recovery rates series 

on the upper segment of the triangle and incorporates it into the model to replicate the projected series. 

In other words, it is assumed that the diffusion of the RR must be correlated the same way as the observed 

RRs. Technically, the correlation observed on the upper part of the matrix between the columns are 

replicated in the RR projections (lower part of the matrix). Moreover, to capture efficiently the 

correlation between 11 vectors (triangle’s columns) and to facilitate the complexity of the computations, 

the triangle matrix is reduced, and eigenvectors are estimated as the most explanatory vectors of the 

term-structure.  

In practice, the observed correlation of the upper triangular matrix is expressed as a reduced version of 

this matrix, which is obtained through a PCA (Principal Component Analysis). This technique has 

multiple advantages: 

– Reduce the complexity/density of the initial matrix to simplify the Brownian motions 

simulations 

– Capture the correlation structure of the initial matrix through the most explanatory eigenvectors 

of the term-structure 

Then, the Brownian motions simulated which are at first independent are correlated through a matrix 

multiplication with the reduced version of the initial triangular matrix obtained through the PCA. 

Once the dependent Brownian motions matrix is obtained, the parameters of the Ornstein-Uhlenbeck 

processes are estimated using the observed RR of the upper triangle matrix with a linear regression. In 

fact, the linear regression ensures closure formulas for each estimator. The RR series is forecasted 

afterwards by diffusion of stochastic processes with a recent observation of each series as the starting 

point (which are the observations on the diagonal of the matrix). 

The resulting marginal RRs, obtained after the forecasting of the triangle matrix, are used to complete 

each unclosed contract of the portfolio. The final cumulated RR is estimated as the average of the entire 

contracts’ cumulated RR at delta point.   

The implementation of the stochastic forecasting is summarized in the following figure. 
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Figure 8 Key steps of the stochastic forecasting process 

 Determination of the delta point 

Before considering the forecasting of the recovery rates, it is essential to define the maximal horizon of 

forecasting to limit the simulations. The delta point is the theoretical horizon beyond which the 

expectation of a significant recovery is theoretically null. It can be determined through the marginal 

recovery speed. The goal is to estimate the average moment where the recovery speed becomes non-

significant, based on contracts which have completed their recovery process (closed contracts).  

In fact, the recovery speed has a decreasing tendency that tends to settle at a minimal level that can be 

considered as non-significant. The horizon where the recovery speed reaches a minimal threshold 

constitutes the stabilization maturity of the recovery process, and it’s called delta point. The threshold 

is fixed here at 2%. On average, the closed contracts’ recovery speed falls below the threshold of 2% 

after 6 maturities on the default. 

The following figure illustrates the determination of delta point for a closed contract of the data base, 

where the maximal horizon of the recovery process is exactly 6 maturities. 

 

Figure 9 Delta point for an unclosed contract depending on the marginal recovery speed 

For the rest of the study, the final RR is the average of the contracts’ cumulated recovery rates at 6 

maturities after the default. For contracts which have been closed before reaching the sixth maturity, the 

last observed cumulated RR will be considered as the final recovery rate, as the recovery process is 

theoretically finished.  
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 Analysis of the RR time series 

The stochastic method of recovery forecasting is based on time series which is necessary to verify that 

they are suitable with a mean reversion model. First, time series’ normality and stationarity are verified, 

then the first-order autoregressive feature is checked, finally autocorrelated functions are studied. The 

purpose of this analysis is to justify the use of Ornstein-Uhlenbeck process. 

This process is a mean-reversion one, frequently used to model financial time series or rate curves. It is 

the solution of the following differential equation: 

𝑑𝑋𝑡 = 𝜆 ∗ (𝜇 − 𝑋𝑡) ∗ 𝑑𝑡 + 𝜎 ∗ 𝑑𝑊𝑡 

With, 𝜆 mean-reversion speed, 𝜇 long term average, 𝜎 volatility et 𝑊𝑡 a Wiener process to represent a 

Brownian motion. The differential equation is solved using the Itô’s lemma on the following process 

(𝑋𝑡 ∗ 𝑒𝑥𝑝(𝜆∗𝑡))𝑡. 

This figure shows an example of RR series at the second maturity in the default:  

 

Figure 10 Representation of the recovery rate time series at the second maturity in default 

Other examples of RR time series plots are presented in Appendix A. These graphical plots emphasize 

the relevance of a mean-reversion model. 

3.3.1. Normality tests  

The normality test aims at proving the consistency of a gaussian stochastic process to model the RR 

time series. For this purpose, Q-Q (quantile-quantile) plots are used to compare the position of the 

quantiles in the observed population with their theoretical position. If the observed position is closed to 

the theoretical position, it can be concluded that the observations are following a gaussian model where 

the expected value is the observed average and the variance is the observed standard deviation. The 

following figure shows the Q-Q plot of RR time series at the second maturity in default. 

 

Figure 11 Q-Q plot of RR time series at the second maturity in default  

The Q-Q plots for the entire RR time series show satisfying results which demonstrates a good fit with 

the gaussian distribution. 

To validate the gaussian’s fit of the RR series, the Jarque-Bera test is utilized. This is based on the null 

hypothesis that the data set fits a Normal distribution. For the RR series, the test does not reject the null 
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hypothesis at 5%, which is the significance level threshold. In other words, the RR time series fits the 

gaussian distribution. 

3.3.2. Stationarity test 

The non-stationarity of time series is essential for the modelling process, therefore tests like augmented 

Dickey-Fuller, KPSS, Phillips Perron, ERS and Elliot DF-GLS are used. For each time series, if 4 out 

of 5 tests are positive the stationarity of the series is then concluded. 

The RR time series in the first maturity in default is taken as an example and the augmented Dickey-

Fuller test is used. The null hypothesis is that a unit root is present in the autoregressive model, which 

means that the time series is non-stationary. The null hypothesis is rejected at 5% significant threshold 

if the t-statistics of the test is above the critical value given by the Dickey-Fuller table. There are three 

main versions of the test:  

– Test without drift and without deterministic time trend; 

– Test with drift and without deterministic time trend; 

– Test with drift and with deterministic time trend 

The results for the RR time series at the first maturity in default are presented below: 

 

Tableau 2 Results of the augmented Dickey-Fuller test for the RR time series at the first 
maturity in default 

Three versions of the test are set up and show that the t-statistics is higher than the critical values for 

both 1% and 5% test levels. Thus, the null hypothesis of these tests is not rejected, and the time series 

are non-stationary. 

Besides, the tests are negatives for most of the RR time series set. The tests are then reiterated for 

integrated versions of the time series of order 1 (one differentiation of RR time series). The results 

underline stationary series for the series’ integrated versions.  

In conclusion, the calibration matrix of the Ornstein-Uhlenbeck processes includes integrated time series 

of order 0 or 1 depending on the order that ensures their stationarity.  

3.3.3. Autocorrelation functions 

The goal of this part is to prove the hypothesis that the process studied is an autoregressive process at 

first order (AR (1)) and can match an Ornstein-Uhlenbeck model. For this purpose, autocorrelation 

functions (ACF) and partial autocorrelation functions (PACF) provide a validation for this hypothesis. 

The ACF and PACF plots of an AR (1) process highlight only the first autocorrelation as a significant 

one to express the correlation between 𝑋𝑡  et 𝑋𝑡−1. 

For example, the ACF and PACF functions of the RR time series at the first maturity in default are 

presented below. 

  

  
Critical value at 1% Critical value at 5% 

t-
statistics 

Without drift and without deterministic time trend -2,6 -1,95 1,01 

With drift and without deterministic time trend -3,51 -2,89 -1,27 

With drift and with deterministic time trend -4,04 -3,45 -2,97 
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Figure 12 ACF and PACF functions plots for RR time series at the first maturity  in default 

The ACF and PACF plots are highlighting the first order of correlation only, which indicates the 

relevancy of considering an AR (1) process to model this RR time series.  

On the entire time series set, the results justify the use of an AR (1) process which is stationary and fits 

a gaussian distribution. Thus, the introduction of Ornstein-Uhlenbeck seems legitimate and relevant. 

 Construction of the Brownian motions 

The Ornstein-Uhlenbeck processes are calibrated based on the observed marginal recovery rates on the 

upper side of the triangle matrix. In this purpose, Brownian motions are simulated as Wiener processes 

for Ornstein-Uhlenbeck model. During the Brownian motions construction, the correlation is important 

to consider. In fact, the simulated portion of the processes must ensure the same correlation structure as 

the observed portion. Moreover, the simulation of several stochastic processes may induce complexity 

in the computations. Thus, a PCA (Principal Component Analysis) has been considered for two reasons: 

to capture the most explanatory vectors of the term-structure correlation in order to replicate it on the 

simulated part of the processes, and to reduce the number of Monte-Carlo simulations by simulating 

only a reduced number of Brownian motions. 

The number of eigen vectors chosen is determined through the analysis of the vectors’ cumulated 

variance which must reach 80% (for example: if the cumulated variance of the n-th first vectors is higher 

than 80% but not for the (n-1)-th first vectors, then the number of explanatory vectors enhanced by the 

PCA is n). These vectors constitute the rotation matrix. 

In the application case, the PCA highlights 3 eigen vectors which explain the majority of the variance 

of the term-structure. Indeed, the 3 first vectors of the matrix explain more than 81% of the total variance 

of the term-structure.  

Therefore, the rotation matrix is composed by 3 eigen vectors of the initial structure. In the meantime, 

a matrix of 3 gaussian vectors with the same length is simulated. The distributions used are normal ones 

with an expected value of 0 and a variance at 1. This gives a set of independent Brownian motions. The 

replication of the initial matrix’s correlation structure on theses vectors requires a matrix multiplication 

between the independent Brownian motions matrix and the transposition of the rotation matrix. 

The following figure illustrates the construction process of dependent Brownian motions.  
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Figure 13 Construction process of dependent Brownian motions 

The resultant matrix contains 11 dependent Brownian motions which have the same correlation structure 

as the observed RR time series.  However, only the sixth first series are used to calibrate the long-term 

recovery rate to match the delta point fixed previously. 

 Calibration of the Ornstein-Uhlenbeck processes and forecasting of the RR 

time series 

The parameters of the Ornstein-Uhlenbeck model are estimated through linear regression and the Wiener 

processes are represented by the dependent Brownian motions previously simulated.  

The differential equation of the Ornstein-Uhlenbeck is:  

𝑑𝑋𝑡 = 𝜆 ∗ (𝜇 − 𝑋𝑡) ∗ 𝑑𝑡 + 𝜎 ∗ 𝑑𝑊𝑡 

It is solved by using the Itô’s lemma to the following process 𝑓(𝑋𝑡 , 𝑡) = 𝑋𝑡 ∗ 𝑒𝑥𝑝(𝜆∗𝑡)
 
. Details of the 

solution to the equation are presented in Appendix B. 

Therefore, the solution is:  

𝑋𝑡+1 = 𝜇 ∗ (1 − 𝑒𝑥𝑝−𝜆∗𝛿) + 𝑒𝑥𝑝−𝜆∗𝛿 ∗ 𝑋𝑡 + 𝜎 ∗ √
1 − 𝑒𝑥𝑝−2𝜆∗𝛿

2𝜆
∗ 𝒩(0,1) 
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This solution is comparable to a linear regression of 𝑋𝑡+1on 𝑋𝑡 : 

𝑋𝑡+1 = 𝛼 + 𝛽 ∗ 𝑋𝑡 + 𝜖 

With 𝜖 a stochastic error process which is independent and identically distributed under a gaussian 

distribution. By identification, the regression’s terms are the following : 𝛼 = 𝑒𝑥𝑝−𝜆∗𝛿, 𝛽 = 𝜇 ∗ (1 −

𝑒𝑥𝑝−𝜆𝛿) and the expected value (sd) of 𝜖 is 𝜎 ∗ √1−𝑒𝑥𝑝−2𝜆𝛿

2𝜆
. 

The regression is then solved using the least squares method and the results are (with n the number of 

observed data for each RR time series): 

𝛼 =
𝑛 ∗ ∑ 𝑋𝑖−1𝑋𝑖 −  ∑ 𝑋𝑖−1 ∗𝑛

𝑖=1 ∑ 𝑋𝑖
𝑛
𝑖=1

𝑛
𝑖=1

𝑛 ∗ ∑ 𝑋𝑖−1
2  𝑛

𝑖=1 − [∑ 𝑋𝑖−1
𝑛
𝑖=1 ]

2  

𝛽 =
𝑛 ∗ ∑ 𝑋𝑖 −  𝛼 ∗ ∑ 𝑋𝑖−1

𝑛
𝑖=1

𝑛
𝑖=1

𝑛
 

𝑠𝑑(𝜖) = √
𝑛 ∗ ∑ 𝑋𝑖

2 − [∑ 𝑋𝑖
𝑛
𝑖=1 ]

2
− 𝛼 ∗ (𝑛 ∗ ∑ 𝑋𝑖−1𝑋𝑖

𝑛
𝑖=1 − ∑ 𝑋𝑖−1 ∗𝑛

𝑖=1 ∑ 𝑋𝑖
𝑛
𝑖=1 ) 𝑛

𝑖=1

𝑛(𝑛 − 2)
 

These closed formulas give the estimations of the characteristic parameters of each stochastic 

process (i.e. RR time series or column of the triangle matrix), which allows for forecasting of the time 

series by simulating added values to complete the matrix. The starting point of each forecasting is 

the last recovery rate observed (on the matrix’s diagonal). 

The forecasting process is presented on the following figure. 

 

Figure 14 Stochastic forecasting illustration 

Once the forecasting is over, the integrated versions of the time series are differentiated to obtain the 

same differentiation order on the final matrix. The resulting forecast of RR is subject to a zero-floor if 

they are negative to ensure conservative estimations. 
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 Results of the stochastic forecasting 

The results of the stochastic forecasting are organized around two main points: the RR time series 

forecasted to complete the triangle matrix, and the results on the unclosed contracts forecasted to the 

delta point in order to predict a long-term recovery rate. 

3.6.1. Forecasting of the RR triangle  

The simulation of adding values to complete each RR time series is subject to a Monte-Carlo method to 

estimate a large number (10 000 times) of simulations of the Brownian motions. The resulting values 

are the average of those simulations. The use of Monte-Carlo method adds consistency and robustness 

to the estimation as it provides the opportunity to observe a wider variety of scenarios for each value 

simulated. 

 

Figure 15 Forecasting of the RR time series at the third maturity in default 

The Monte-Carlo method gives 10 000 simulations of the forecasted triangle, where the simulated RRs 

(on the lower part of the matrix) are different. Therefore, the RRs at delta point (the sixth maturity in 

default) are different.  For each simulated triangle, the long-term RR at this stage is the average of the 

cumulated RR at the sixth maturity in default for the entire set of default generations considered. The 

global long-term RR is the average of the 10 000 cumulated RRs at delta point resulting from the Monte-

Carlo simulations. The following figure illustrates the Monte-Carlo long-term recovery rate simulations, 

as well as the distribution of these values.  

 

Figure 16 Plot of the long-term RR for each of the 10 000 Monte-Carlo simulation (left figure) 
and distribution of the long-term recovery rate simulated by the same method (right figure) 

Under the law of large numbers, the distribution of the long-term RRs by Monte-Carlo simulations 

follow a gaussian distribution. The statistical features of theses 10 000 iterations are the following: 

 

Minimum Quantile at 25% Quantile at 50% Average Quantile at 75% Maximum Variance

64,92% 66,56% 66,99% 67,03% 67,46% 69,75% 0,66%
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Tableau 3 Statistical characteristics of the long-term RR series simulated by Monte-Carlo 
method 

On average, the long-term RR is equal to 67,03%, and depending on the Monte-Carlo simulation it can 

vary from 64,92% to 69,75%. The variance of the long-term RR iterations is low, which highlights a 

strong deterministic role on the part of the simulations.  

The forecasting of the triangle through stochastic processes and Monte-Carlo method gives average 

values of recovery rates at each maturity in default and for all the default generations concerned by the 

model. Therefore, the unclosed contracts can be forecasted individually using the estimated values 

depending on the generation they belong to. 

3.6.2. Individual forecasting for unclosed contracts 

In terms of credit risk regulation, the contracts must be individually forecasted as a specific LGD (or 

long-term cumulated RR) estimate for each contract. For closed contracts, the long-term cumulated 

RR is observed, for unclosed ones it is estimated trough the forecasted values in the triangle 

matrix. Thus, the long-term cumulated RR for unclosed contracts are defined as the long-term 

cumulated RR of the average triangle matrix after Monte-Carlo simulations, depending on the contract’s 

default generation. To ensure conservatism in the estimations, the cumulated long-term RR affected to 

the unclosed contracts are capped at 1.    

Besides, only 27,4% of the contracts are unclosed, thus more than 72,6% of the portfolio is deterministic 

(the long-term RR is observed at the closure time) and independent to the stochastic iterations. 

Consequently, the final long-term RR of the portfolio defined as the average of the contracts’ individual 

long-term RR, experiences only few variations on the Monte-Carlo iterations series. 

The series of 10 000 Monte-Carlo iterations to estimate the final long-term RR of the portfolio has the 

following statistical features: 

 

Tableau 4 Statistical characteristics of the long-term RR series after individual forecasting of 
the contracts 

The RR on delta point is equal to 66,89% for the entire portfolio. The variance is low as an important 

part of the portfolio (closed contracts) is deterministic. 

In conclusion, the portfolio has a high closure rate which indicates that the robustness and validity of 

the stochastic forecasting is more appreciable on the triangle matrix results than on the individual 

forecasting of the contracts. For the rest of the study, the stochastic forecasting is compared to three 

classical methodologies of forecasting, based on the Chain Ladder method, by analyzing the RR triangle 

matrix’s results only. 

  

Minimum Quantile at 25% Quantile at 50% Average Quantile at 75% Maximum Variance

66,73% 66,82% 66,88% 66,89% 66,95% 67,13% 0,00008%
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4. Classical methods of recovery triangle forecasting 

To validate the stochastic methodology of recovery forecasting, three other methods are implemented, 

and the results are compared. For this purpose, the forecasting by recovery speed, by marginal gaps and 

by recovery potential are introduced. These methods are based on the Chain Ladder method and use 

transition factors which allow to estimate the RR of a given horizon from the previous horizons 

(horizontal forecasting). These transition rates from a horizon to another are calculated based on the 

available values in the matrix at each step of the forecasting (observed values and previous forecasted 

values). 

 Speed recovery forecasting 

For the first method, the forecasting relies on observed recovery speed on the past default generations. 

The developing factors to pass from a horizon to another is the average of recovery speed observed for 

the past generations. The estimation formula is:  

𝑅𝑅(𝑡 + 1, 𝑖 + 1) = 𝑅𝑅(𝑡, 𝑖 + 1) ∗ (1 +
1

𝑖
∑

𝑅𝑅(𝑡 + 1, 𝑘) − 𝑅𝑅(𝑡, 𝑘)

𝑅𝑅(𝑡, 𝑘)

𝑖

𝑘=1

) 

With RR the cumulated recovery rate, i the default generation and t the recovery horizon. 

For this method, the cumulated RR are forecasted instead of the stochastic forecasting where the RRs 

forecasted is the marginal ones. The cumulated RR are also capped at 1. Then, the marginal RR are 

estimated from the cumulated versions and applied to the unclosed contracts individually depending on 

the default generation until the delta point. 

 Marginal gaps forecasting 

For this method, the recovery curves are forecasted based on the marginal RR observed on the past 

generations. The developing factor which allows the pass from one horizon to another is the marginal 

gap between a horizon and the next one. The estimation formula is: 

𝑅𝑅(𝑡 + 1, 𝑖 + 1) = 𝑅𝑅(𝑡, 𝑖 + 1) +
1

𝑖
∑ 𝑅𝑅(𝑡 + 1, 𝑘) − 𝑅𝑅(𝑡, 𝑘)

𝑖

𝑘=1

 

With RR the cumulated recovery rate, i is the default generation and t is the recovery horizon. 

Similarly, the cumulated RR are forecasted and capped at 1. Then, the marginal RR are estimated from 

the cumulated versions and applied to the unclosed contracts individually depending on the default 

generation until the delta point. 

 Recovery potential forecasting  

For the last method, the forecasting is realized from the recovery potential at a specific time given by 

the past generations. The developing factor which allows the pass from one horizon to another is the 

recovery potential observed on the previous generation for the same horizon. The estimation formula is: 

𝑅𝑅(𝑡 + 1, 𝑖 + 1) = 𝑅𝑅(𝑡, 𝑖 + 1) + (𝑅𝑅(𝑡 + 1, 𝑖) − 𝑅𝑅(𝑡, 𝑖)) ∗
1 − 𝑅𝑅(𝑡, 𝑖 + 1)

1 − 𝑅𝑅(𝑡, 𝑖)
 

With RR the cumulated recovery rate, i is the default generation and t is the recovery horizon. 

Similarly, the cumulated RR are forecasted and capped at 1. Then, the marginal RR are estimated from 

the cumulated versions and applied to the unclosed contracts individually depending on the default 

generation until the delta point. 

 Results 

First, the achieved results of the 3 classical methods on the recovery triangle are presented on the 

following figure. 
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Tableau 5 Average recovery rates at delta point for the triangle matrix 

The forecasting through recovery speed gives the least conservative long-term RR. Whereas, the other 

methods give closer results. As a reminder, with the stochastic forecasting the long-term RR reaches 

67,03% which is the most conservative recovery rate obtained. 

Next, the average levels of forecasted RR are used for the unclosed contracts in order to predict their 

individual long-term RR, and the final RR of the portfolio is estimated as the average of all the contracts’ 

long-term RRs at the sixth maturity in default (delta point). The results are presented in the following 

figure:  

  

Tableau 6 TR Average recovery rates at delta point for portfolio’s contracts 

The results are close as the gaps are below 10-2. This is explained by the high closure rate: more than 

72,6% of the contracts are insensitive to the forecasting methods. The stochastic methodology gave a 

final long-term RR at 66,89%, which is the most conservative rate even if the gaps are lowly significant. 

  

Forecasting through 

recovery speed

Forecasting through 

marginal gaps

Forecasting through 

recovery potential

68,42% 67,40% 67,39%

Forecasting through 

recovery speed

Forecasting through 

marginal gaps

Forecasting through 

recovery potential

66,97% 67,00% 66,95%
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5. Validation and model selection 

At this stage, the stochastic method of forecasting gives more conservative results for the triangle matrix 

and the portfolio. To validate these methods, robustness and sensitivity tests are used to verify the 

methods’ consistency. 

 Validity and stability tests for the stochastic forecasting 

To validate the stochastic method, the forecasted recoveries are compared to real observations. Thus, 

the Ornstein-Uhlenbeck processes are calibrated using the entire data set available to estimate average, 

variance and mean-reversion speed. Then, the processes are forecasted from the oldest observation of 

the triangle (which corresponds to the first line of the triangle). These diffusions are compared to the 

real values observed in the upper part of the recovery triangle. 

For each process diffusion, 100 iterations are used in the Monte-Carlo protocol. The absolute deviation 

between the forecasted value and the real values is evaluated for each horizon (or column of the triangle 

matrix) and each iteration. For example, the following figure gives the 100 absolute deviations obtained 

for the RR time series at 1, 3 and 6 maturities in default. 

 

Figure 17 Absolute deviations between simulated values and observations for RR at maturity 
1, 3 and 6 in default 

Small deviations are notified for these series (between 0 and -0,5%). However, great absolute differences 

are observed for the first recovery series but are relatively small. In fact, the average relative gap for the 

RR time series at the first maturity in default is around -0,2%. For the rest of the time series, the results 

show small absolute and relative differences. The stochastic forecasting estimates accurate values of the 

marginal recovery rates, which stress out the validity of this method. 

Another validity test is considered to verify the stability of the stochastic parameters (long-term average 

𝜇, mean-reversion speed 𝜆 and variance 𝜎). The parameters are calibrated on different periods of time 

and their values are compared. For this purpose, 10 periods are defined (sliding periods from the initial 

history available) and for each of them the parameters of the RR time series are calibrated. In the 

following figures, the synthetical curves of minimum, maximum and average of these 10 calibrations 

are presented. 
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Figure 18 Variability of mean-reversion speed 𝝀  Figure 19 Variability of long-term average 𝝁 

 

Figure 20 Variability of variance 𝝈 

The curves presented for each stochastic parameter have similar shapes, which indicates that the 

parameters’ calibration is low-sensitive to the calibration period. This result validates the regularity of 

the parameters and witnesses the stability of the stochastic methodology. Moreover, the method 

guarantees stable parameters for sliding periods of calibration which practically will not require 

frequent recalibrations of the model. In terms of risk management and follow-up of the credit risk 

model, this finding is essential. Moreover, this type of test can be integrated in backtesting exercise to 

verify that the parameters are still relevant to the actual data sets to add consistency to this type of 

regulatory testing. 

 Validation out of the sample for all the methods implemented 

Besides the conservatism of the recovery rate predicted by the stochastic method, it is essential to verify 

that the estimates are observed to be robust and stable over time. Therefore, this methodology has to 

confront the data set’s extension case due to additional observations added and robustness has to be 

verified. This requires an out of the sample validation which is among the cross-validation techniques. 

It aims at assessing how the parameters estimated will generalize to an independent data set. In practice, 

the estimation of the parameters is made on a part of the data set and their validation is operated on the 

other part which has not be used for the calibration.   

The processes are calibrated on the first lines of the triangle matrix and are diffused from there to 

complete the triangle matrix. Thus, some recent observations are removed, and the parameters are 

estimated on the rest of the data set to perform new predicted RR. Finally, these predictions are 

compared to the observations removed by evaluating the mean square error. Additionally, these tests are 

executed for the classic forecasting methods in order to compare the results and verify the relative 

robustness of the stochastic method to the others.  
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Thus, 9 tests are performed for each of the four methods: 

- Test 1: The RRs corresponding to the last generation of default are removed from the triangle 

matrix 

- Test 2: The RRs corresponding to the last two generations of default are removed from the 

triangle matrix  

- ... 

- Test 9: The RRs corresponding to the last nine generations of default are removed from the 

triangle matrix 

Once the corresponding range of data is removed, the forecasting process is realized based on the data 

remaining. And each obtained value after the forecasting is compared to the value removed at the same 

position in the matrix. This operation is performed for the four methods. 

To illustrate this test, the following figure shows the operation for the Test 1 where only the last 

generation is removed: 

 

Figure 21 Robustness test on the last default generation for the implemented models  

The cross-validation of each method is evaluated through the mean square error between the estimated 

values and the observations removed, knowing that these observations have not been used for the 

estimation part of the test. The lower the mean square error, the greater the prediction accuracy. For 

each test and each method, the average error level is presented in the following figure. 

 

Figure 22 Average mean square errors for the robustness tests 

The stochastic forecasting shows the lowest errors for all the tests. On average, the mean square error is 

0,07% for this method. However, for the forecasting through recovery speed the errors are the highest 
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as it reaches on average 0,79%. For the two other methods, the errors are similar and at a middle ground 

as the average error is 0,21% for the concerned methods (through marginal gaps and through recovery 

potential). 

To analyze in more detail the results of these tests, the mean square error between the final long-term 

RR initially obtained and the final long-term RR obtained by the validation out of the sample is 

calculated. The results are presented in the following figure. 

 

Figure 23 Mean squares errors on final RR for the robustness tests 

These tests verify that the methods are robust over time. In other terms, the goal is to verify that 

long-term RR at delta point is stable over time even when the history is extended, and new observations 

are added to the data set with no positive or negative chock identified. In fact, the 9 tested generations 

don’t present extreme low or high recoveries in comparison with the recovery history. Thus, for a 

consistent method, it is expected that error levels remain small. However, the errors are on average equal 

to 1,41% for the forecasting through recovery speed, 1,11% for the forecasting through recovery 

potential, 0,45% for the forecasting through marginal gaps, and finally 0,09% for the stochastic 

forecasting. The stochastic method performs better results and confirms its robustness and 

stability of its estimator over time. 

 Sensitivity test 

The stochastic forecasting gives more conservative results in terms of long-term recovery rates and more 

effectively performs robustness tests. Hence, this method is selected to calculate the final long-term 

LGD for the portfolio studied. In practice, the implementation of an internal model to estimate the LGD 

parameter requires its sensitivity level to be quantified to the eventual variations of the model’s 

parameters. The stochastic forecasting is based on Ornstein-Uhlenbeck processes where the parameters 

are the long-term average, the variance, and the mean-reversion speed. The sensitivity test aims to 

evaluate the impact on the RR estimations when these parameters vary. 

First, the impact of positive variations on the long-term average of the processes is estimated on the 

triangle matrix completed and then the final RR of the portfolio. 

 

Tableau 7 Impacts of positive variations on the average of Ornstein-Uhlenbeck processes 

Second, the long-term average of the Ornstein-Uhlenbeck processes are stressed through negative 

variations. Then, the impact is quantified in terms of the triangle matrix and the final RR of the portfolio.  

Variation Δ(Final RR) Δ(Triangle)

+1% 0,03% 0,001%

+5% 0,16% 0,005%

+10% 0,32% 0,010%
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Tableau 8 Impacts of negative variations on the average of Ornstein-Uhlenbeck processes 

The results are in line with the expectations. In fact, a positive variation of the long-term average of the 

processes increases the final long-term RR as well as the forecasted values in the triangle matrix. On the 

contrary, a negative variation of the averages decreases the diffused values and the final RR. Moreover, 

a proportionality of the impacts is notified, as 1% of average variation leads to 0,0032% of impact on 

the final RR and 5 times more for a 5% impact (5 ∗ 0,0032% ≈  0,16%). The stochastic method 

validates the sensitivity test for the long-term average.  

More tests can be performed on the variance and mean reversion speed parameters. In addition, a stress 

of the recovery triangle maybe considered where the parameters are shocked (absolute and/or relative 

shocks) with high intensity to analyze the impact on the recovery levels predicted and the final LGD of 

the portfolio.  

  

Variation Δ(Final RR) Δ(Triangle)

-1% -0,03% -0,001%

-5% -0,16% -0,005%

-10% -0,31% -0,010%
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6. Final calibration of the LGD parameter  

Given the previous test results in terms of conservativity, robustness, and sensitivity the stochastic 

methodology of forecasting is observed to be performing well and with consistency in its estimations. 

This method presents advantages in terms of risk management as the evolution of the model’s 

parameters is controlled and stable in case of stable recovery context. The regulatory backtesting 

exercises required can be easily performed by verifying the levels of the stochastic parameters over time.  

Moreover, stress tests can be directly performed in the stochastic processes. In fact, the stochastic model 

assumes that the recovery dynamic is dependent on the default generations for a given horizon. Then, 

the Ornstein-Uhlenbeck processes can be performed by adding an economic component to the 

equation which depends on economic variables (employment rate, GDP…), as the following3.  

𝑑𝑋𝑡 = 𝜆 ∗ (𝜇 − 𝑋𝑡) ∗ 𝑑𝑡 + ∑ 𝑤𝑖 ∗ 𝐸𝑖

𝑖

∗ 𝑑𝑡 + 𝜎 ∗ 𝑑𝑊𝑡 

With 𝐸𝑖economic variable considered as linked to the recovery dynamic of the portfolio and 𝑤𝑖 the 

weights. 

Thus, the stress test exercises can be achieved directly through the model by stressing the 𝐸𝑖variables 

using EBA scenarios for example. The stochastic forecasting gave an approach to fully integrate the 

stress tests in the regulatory models.  

Besides, to finalize the estimation of the regulatory LGD parameter for the portfolio considered, there 

are some prudential aspects to consider with respect to Basel regulation. First, the recoveries estimated 

by the forecasting method must be discounted and recovery fees must be included. Then, eventual low 

cycles periods have to be included in the estimations. Finally, margins of prudence should be calculated 

to cover the potential uncertainty of the model. In this case, the specific recovery fees for this portfolio 

are not available - they are not considered in the estimation of the LGD parameter. The rest of the 

regulatory requirements are considered in this part. 

 Discounting of the recoveries 

The goal is to give an economic vision to the recoveries. In other words, for a contract in default at time 

t, the discounting provides the actual value of each recovery (estimated by the forecasting method) as it 

was observed today. The discounting rate chosen is prescribed by the EBA; two choices remains: the 

contracts’ interest rate or a standardized rate defined as the risk-free rate with an added spread of 5% 

(requirements given by the recent RTS text published in July 2016).  

The rate chosen in this case is the risk-free rate plus a 5% spread. The currency of the portfolio 

considered is euro, and the risk-free rate chosen is the Euribor 3 months. The date of application of these 

rates can be either today or the date the contract went into default. The regulator hasn’t adjudicated on 

this question, in fact the first choice gives a discounting vision according to the economic situation at 

the credit granting moment. The second choice gives a discounting vision according to the present 

economic situation. In fact, the RR and LGD estimations allow banks to predict their capital level for 

the year to come, therefore these estimations are in line with the actual economic context. Then, it seems 

preferable to consider risk free rate at actual levels. In other words, a loss on a given contract corresponds 

to an amount of provisions or funds, to be leveraged today, where the discounting with actual rates 

seems relevant.   

To sum up, the discounting methodology uses a risk-free rate which is Euribor 3 months (values of the 

10th September 2018) plus a spread of 5%.  

Therefore, the marginal RR matrix is discounted to individually complete the unclosed contracts with 

discounted recoveries at each maturity in default. Once the discounting of the matrix is finished and the 

unclosed contracts are forecasted individually until the delta point, the cumulated RR is calculated for 

each contract (closed and unclosed) and the final long-term RRs are estimated for each contract as well.  

                                                           
3 This topic is extremely relevant in the Model Risk Measurement framework and a similar model has been discussed in the 

CH&Co White Paper planned to be published in 2019: Model Risk Measurement | How to measure Model Risk?  



31 
 

The final long-term recovery rate of the portfolio is the average of the individual contracts’ long-term 

RRs which is equal to 65,89%. 

 Inclusion of the Downturn effects 

The downturn effects are included in the long-term LGD estimation given by the stochastic forecasting 

model. The main idea is to determine low cycle periods based on credit losses and recoveries histories. 

This type of downturn consideration is mentioned in the IRB survey on a variety of methodologies to 

define a downturn period. In fact, 17% of the benchmark presented define the downturn as the year(s) 

with the highest observed realized LGD4. The impact of the downturn on the LGD estimation is however 

different from the regulatory requirements given by the final draft of the RTS, as it is intrinsically linked 

to the model to avoid a consideration of an add-on to cover downturn effects.  

6.2.1. Determination of low cycle periods 

The Downturn is defined as the low cycle period where the recoveries level is low, due to an economic 

situation or an internal recovery accident specific to the bank. The EBA regulation requires an estimate 

of low cycle parameters to calculate the bank’s capital. The first step is to identify low cycle periods by 

detecting conjunctural and economical effects that can lead to a degradation of the recovery flows. 

The low cycle periods can be defined as the generations where the average speed recovery is low in 

comparison with the rest of the generations in the data set. If the history is insufficient or non-

representative of the upcoming cycles, expert opinions or economic studies of different indicators (credit 

market, inflation, employment rate, …) might be useful. 

In this case, the low cycle periods are defined according to 2 criteria: periods with extremely low 

recovery rates and periods with a decreasing recovery tendency. 

First, for each default horizon extremely low recovery rates and the corresponding default generation 

are identified. In fact, an extremely low recovery rate for a given RR series is a value below the threshold 

(-MAD) where MAD is the mean absolute deviation of the series. The following formula clarifies this 

definition:  

𝑅𝑅𝑖(𝑡) − 𝑅𝑅𝑖(𝑡 − 1) <  −𝑀𝐴𝐷[𝑅𝑅𝑖] 

With i is the default maturity and t is the default generation. 

The distribution of extremely low RR depending on the default generation is presented on the following 

figure, scored yearly:  

 

Figure 24 Distribution of extremely low RR depending on default generations 

On average, the generation presenting the most extremely low RR is 2010. The confidence interval at 

99,7% highlights the generations from the second semester of 2009 to the second semester 2 of 2010. 

                                                           
4 European Banking Authority [November 2018] page 26 

« Final draft RTS on the specification of the nature, severity and duration of an economic downturn » 



32 
 

Second, for each RR series the default generations with a decreasing recovery tendency RR are defined. 

The following figures gives the distribution of the strongest decreasing recovery tendencies depending 

on the default generation, scored yearly: 

 

Figure 25 Distribution of decreasing recovery tendencies depending on default generations 

On average, the default generation with the strongest decreasing tendencies is 2010. The confidence 

interval at 99,7% is from the second semester of 2009 to the first semester of 2010.  

The low cycle periods defined in the analyses are almost the same. To be more conservative, the period 

considered as low cycle is the period from the second semester of 2009 to the second semester of 2010 

included. 

6.2.2. Inclusion of the Downturn on the regulatory LGD computation – First 

approach  

The first approach considered to include the Downturn into the LGD estimations is to calibrate this 

parameter on the low cycle period defined. In other words, the stochastic processes used for the 

forecasting are calibrated on the entire data set available. Then, the downturn period is forecasted as it 

was not observed, and the values obtained are compared with the initial values. The average gap 

represents the Downturn effect and the margins to be applied on the initial forecasting. Indeed, the 

calibration of the processes on the entire triangle observed assumes that the low cycle effects are 

included. During the forecasting, the RR levels will be lower that the real observations. The effective 

gap between the forecasting on the Downturn period and the real observations constitutes the margin to 

be applied to the RR forecasted. In other words, the Downturn effect is included in the forecasting of 

unclosed contracts and will have an impact on the global LGD. This approach includes the downturn to 

the LGD parameter not as an add-on but as an intrinsic effect added in the calibration process.  

The following figure illustrates the first approach to include the Downturn effect to the regulatory LGD: 
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Figure 26 Illustration of the Downturn calibration for the first approach 

The estimations give an average gap of -0,6% between the forecasting of the Downturn period and the 

observed values in the initial triangle for the same period. On average, the forecasted RR are decreased 

by 0,6% (in absolute) to include the low cycle period.  

Then, the average RR at delta point for the portfolio concerned is 65,87%. This rate considers the 

discounting at Euribor 3 months + 5% spread.  

6.2.3. Inclusion of the Downturn on the regulatory LGD computation – Second 

approach  

The second idea is based on a discounting rate stress. Thus, the RR with Downturn is estimated by the 

following formula:   

𝑅𝑅𝐷𝑜𝑤𝑛𝑡𝑢𝑟𝑛 = 𝑀𝑖𝑛(𝑅𝑅𝑑𝑖𝑠𝑐𝑜𝑢𝑛𝑡=𝐸𝑈𝑅3𝑀+5% ;  𝑅𝑅𝑑𝑖𝑠𝑐𝑜𝑢𝑛𝑡=𝐸𝑈𝑅3𝑀+10%) 

In fact, the spread used in the discounting rate is stressed and equals 10% instead of 5% initially. The 

goal is to discount the RR using a more cautious rate and to compare the results to retain the more 

conservative one. The application of this approach gives the following results, after 10 000 Monte-Carlo 

simulations:  

𝑅𝑅𝑑𝑖𝑠𝑐𝑜𝑢𝑛𝑡=𝐸𝑈𝑅3𝑀+5% = 65,865% and 𝑅𝑅𝑑𝑖𝑠𝑐𝑜𝑢𝑛𝑡=𝐸𝑈𝑅3𝑀+10% = 65,868% 

The approaches presented to include the Downturn effect in the LGD estimation have similar results. 

These two methods have similar impact on the LGD parameter. To be more conservative, one would 

prefer the first approach. 

The average RR at delta point for the portfolio after recovery discounting and inclusion of the 

Downturn effect, is 65,87%. 

 Margin of prudence estimation 

The Basel regulation prescribes that the LGD calibration must be conservative to cover the inherent 

uncertainty of the model. Margins of prudence are therefore required. The main idea is to guarantee a 

conservative estimation of regulatory parameters which factors into the banks’ capital calculations.  
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The uncertainty of the LGD parameter can be manifested in different aspects: shallow depth of the 

history, low data quality, model’s imprecision due to certain hypothesis, and natural volatility of the 

estimators. The margin of prudence can be seen as a fixed level applied to the final LGD estimation and 

thus estimated through expert opinions or as the quantile (90% / 95% / 99%) of the estimators’ volatility.  

In this case, the margin of prudence is defined as the confidence interval of the cumulated RR volatility 

at delta point. The confidence level used is 99,7%: 

[𝑅𝑅̅̅ ̅̅ − 3 ∗
𝜎

√𝑛
 ;  𝑅𝑅̅̅ ̅̅ +  3 ∗

𝜎

√𝑛
 ] 

With 𝑅𝑅̅̅ ̅̅  the average cumulated RR at delta point estimated from the set of contracts in the portfolio 

concerned (after forecasting of the unclosed, discounting and inclusion of the Downturn effect), 𝜎 the 

volatility’s variance and n the number of contracts in the portfolio.  

The numeric interval is: [65,40%; 66,34%]. The margin of prudence equals to 3 ∗
𝜎

√𝑛
 (i.e. 0,47%) and 

the RR with margin of prudence is the lowest limit of the interval, which is 65,40%. Then, the RR with 

margin of prudence corresponds to a stochastic forecasting, discounted with Euribor 3 months + 5% 

spread and includes the Downturn effect according to the first approach.  

The final regulatory LGD estimated equals to 34,60%, which corresponds to a LGD for non-defaulted 

assets using the stochastic forecasting method. 
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Conclusion 

This paper presents a different recovery forecasting methodology in terms of LGD parameters. The 

model considers a dynamic where the recovery rate per horizon is dependent on the default generation 

change. The results in comparison with three classical methods (based on Chain-Ladder) demonstrate 

conservativism, robustness, stability over time, strength in case of data history extension and sensitivity.  

The use of stochastic processes provides an opportunity to characterize the recovery triangle by precise 

estimators: long-term average, variance and mean-reversion speed for each recovery time series. In fact, 

these parameters can greatly facilitate the backtesting exercises as the verification of their stability over 

time is a good indicator of the goodness of fit of the model.  

Moreover, the ability to integrate economic variables into the recovery rate evolution allows for the 

consideration of stress tests to be embedded directly into the model’s settings. Thus, the impact of stress 

scenarios can be estimated through the stochastic processes.  

Finally, the introduction of a vertical forecasting of the recovery triangle allows for the triangle to extend 

beyond the generations observed and to provide a forward looking LGD parameter, by forecasting the 

stochastic processes for futures generations. This aspect maybe considered as a response to the 

regulatory requirements for purposes of IFRS9 to include the forward-looking impact in the credit risk 

parameters. In fact, the LGD for the upcoming years can be easily predicted, as the vertical forecasting 

considered for the recovery triangle has no limit. 
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Appendix A – Plots of recovery rate time series  

  

RR series at maturity 1                                    RR series at maturity 2 

  

RR series at maturity 3                                    RR series at maturity 4 

  

RR series at maturity 5                                    RR series at maturity 6 
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Appendix B – Solution of the Ornstein-Uhlenbeck differential equation   

The Ornstein-Uhlenbeck parameters are estimated through linear regression. The differential equation 

is the following: 

𝜕𝑋𝑡 =  𝜆 (𝜇 − 𝑋𝑡)𝜕𝑡 +  𝜎 𝜕𝑊𝑡 

It is solved using Itô’s lemma to the process 𝑓(𝑡, 𝑋𝑡) =  𝑋𝑡𝑒𝜆𝑡 : 

𝜕𝑓(𝑡, 𝑋𝑡) =  
𝜕𝑓(𝑡, 𝑋𝑡)

𝜕𝑡
𝜕𝑡 +

𝜕𝑓(𝑡, 𝑋𝑡)

𝜕𝐷𝑡
𝜕𝐷𝑡 +

1

2

𝜕2𝑓(𝑡, 𝑋𝑡)

𝜕𝐷𝑡
2 𝜕〈𝑋, 𝑋〉𝑡 

⇔ 𝜕(𝑋𝑡𝑒𝜆𝑡) =  𝜆𝑋𝑒𝜆𝑡𝜕𝑡 + 𝑒𝜆𝑡𝜕𝑋𝑡 +
1

2
∗ 0 ∗ 𝜕〈𝑋, 𝑋〉𝑡 

⇔ 𝜕(𝑋𝑡𝑒𝜆𝑡) =  𝜆𝑋𝑡𝑒𝜆𝑡𝜕𝑡 + 𝑒𝜆𝑡(𝜆 (𝜇 −  𝑋𝑡)𝜕𝑡 +  𝜎 𝜕𝑊𝑡) 

⇔ 𝜕(𝑋𝑡𝑒𝜆𝑡) =  𝜆𝑋𝑡𝑒𝜆𝑡𝜕𝑡 + 𝑒𝜆𝑡𝜆𝜇𝜕𝑡 −  𝑒𝜆𝑡𝜆𝑋𝑡𝜕𝑡 +  𝜎𝑒𝜆𝑡𝜕𝑊𝑡   

⇔ 𝜕(𝑋𝑡𝑒𝜆𝑡) =  𝑒𝜆𝑡𝜆𝜇𝜕𝑡 +  𝜎𝑒𝜆𝑡𝜕𝑊𝑡 

⇔ ∫ 𝜕(𝑋𝑡𝑒𝜆𝑡)

𝑇

𝑠

=  ∫ 𝑒𝜆𝑡𝜆𝜇𝜕𝑡

𝑇

𝑠

+ ∫ 𝜎𝑒𝜆𝑡𝜕𝑊𝑡

𝑇

𝑠

 

⇔ 𝑋𝑇𝑒𝜆𝑇 − 𝑋𝑠𝑒𝜆𝑠 =  𝜆𝜇 ∫ 𝑒𝜆𝑡𝜕𝑡

𝑇

𝑠

+  𝜎 ∫ 𝑒𝜆𝑡𝜕𝑊𝑡

𝑇

𝑠

 

⇔ 𝑋𝑇 =  𝑒−𝜆(𝑇−𝑠)𝑋𝑠 +  𝜆𝜇 ∫ 𝑒−𝜆(𝑇−𝑡)𝜕𝑡

𝑇

𝑠

+  𝜎 ∫ 𝑒−𝜆(𝑇−𝑡)𝜕𝑊𝑡

𝑇

𝑠

 

⇔ 𝑋𝑇 =  𝑒−𝜆(𝑇−𝑠)𝑋𝑠 +  𝜇(1 − 𝑒−𝜆(𝑇−𝑠)) +  𝜎 ∫ 𝑒−𝜆(𝑇−𝑡)𝜕𝑊𝑡

𝑇

𝑠

 

However,  

∫ 𝑒−𝜆(𝑇−𝑡)𝜕𝑊𝑡

𝑇

𝑠

~ 𝒩 (0; (∫ 𝑒−𝜆(𝑇−𝑡)𝜕𝑊𝑡

𝑇

𝑠

)

2

) 

And,  

(∫ 𝑒−𝜆(𝑇−𝑡)𝜕𝑊𝑡

𝑇

𝑠

)

2

=  ∫(𝑒−𝜆(𝑇−𝑡))2𝜕𝑡

𝑇

𝑠

=  
1 − 𝑒−2𝜆(𝑇−𝑠)

2𝜆
 

 

Assuming that 𝛿 = 𝑇 − 𝑠, 𝑠 = 𝑡 𝑎𝑛𝑑 𝑇 = 𝑡 + 1, the solution is: 

𝑋𝑡+1 =  𝜇 ∗ (1 − 𝑒−𝜆𝛿) + 𝑒−𝜆𝛿 ∗ 𝑋𝑡 + 𝜎 ∗ √
1 −  𝑒−2𝜆(𝑇−𝑠)

2𝜆
 ∗  𝒩(0 ; 1) 


